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Abstract 

The main motivation of this article is to derive sufficient conditions for dynami- 
cal stability of periodically driven quantum systems described by a Hamiltonian 
H{t), i.e., conditions under which it holds sup^^^Kipt, H{t)^pt)\ < oo where ^pt 
denotes a trajectory at time t of the quantum system under consideration. We 
start from an analysis of the domain of the quasi-energy operator. Next we 
show, under certain assumptions, that if the spectrum of the monodromy oper- 
ator U{T, 0) is pure point then there exists a dense subspace of initial conditions 
for which the mean value of energy is uniformly bounded in the course of time. 
Further we show that if the propagator admits a dijferentiable Floquet decom- 
position then is bounded in time for any initial condition ipQ, and one 
employs the quantum KAM algorithm to prove the existence of this type of 
decomposition for a fairly large class of H{t). In addition, we derive bounds 
uniform in time on transition probabilities between different energy levels, and 
we also propose an extension of this approach to the case of a higher order of 
differentiability of the Floquet decomposition. The procedure is demonstrated 
on a solvable example of the periodically time-dependent harmonic oscillator. 



1 Introduction 

We discuss several topics related to the dynamical properties of periodically time- 
dependent quantum systems. Such a system is described by a Hamiltonian H{t) in a 
Hilbert space Jif depending on t periodically with a period T, and we suppose that 
the propagator f/(t, s) associated to the Hamiltonian H{t) exists. 
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We start our exposition from an analysis of the domain of the Floquet Hamiltonian 
(the quasi-energy operator). The quasi-energy operator is a basic tool in the theory of 
time-dependent quantum systems and is closely related to the monodromy operator 
U{T, 0) [16], [26]. This is a common belief that the dynamical properties are essentially 
determined by the spectral properties of f/(T, 0). It is shown in [13] that ip belongs 
to J^^^{U{T,0)) (the subspace in corresponding to the pure point spectrum of 
U(T, 0)) if and only if the trajectory {ipt', t > 0} is precompact (where ipt = U(t, 0)4')- 
Under the assumptions that H{0) is positive, discrete and unbounded, and that the 
perturbation H{t) —H{0) is uniformly bounded, it is observed in [20] that if the mean 
value of energy, {ipt, H(t)ipt), is bounded then the corresponding trajectory {ipt; t > 0} 
is precompact. Jointly this implies that if the mean value of energy is bounded for 
any initial condition then U{T, 0) has a pure point spectrum. To our knowledge, the 
inverse implication is not clarified yet. In the present paper we show, under certain 
assumptions, that if the spectrum of U(T, 0) is pure point then there exists, in J^, a 
dense subspace of initial conditions for which the mean value of energy is bounded. 
However it has been shown very recently in [21] that there exist situations when some 
trajectories may lead to unbounded energy in spite of pure pointness of U(T,0). 

There is no doubt that the knowledge of evolution of the mean value of energy 
in the case of time-dependent systems is important from the physical point of view. 
This is also our basic topic in this paper. More precisely, instead of treating directly 
the mean value of energy we consider the quantity ||if(t)'?/'(||. Naturally, this type of 
problems attracted attention in the past though the results are less numerous than 
one might expect. Let us mention some of them that motivated us though in no way 
we attempt to provide an exhaustive list. 

Assuming a growing gap structure of the spectrum of H{0) it is shown in [19] 
with the aid of adiabatic methods that {ipt, H{t)ipt) = Oit^) where 5 > is inversely 
proportional to the order of differentiability of H{t). An upper bound of this type is 
also derived in [^ under rather mild assumptions on the gap structure of the spectrum 
and without differentiability of H{t). On the other hand, the latter result is directly 
applicable only provided the perturbation is in certain sense small when compared to 
H{0). For example, in the case of simple spectrum the operator H{0)'^{H(t) — H{0)) 
is required to be Hilbert-Schmidt for some q > 1/2. Some extensions and applications 
can be also found in [3] . These estimates on the growth of energy were derived without 
assuming the periodicity. Let us also mention [10] where bounds on the energy growth 
are derived in the case of shrinking gaps in the spectrum. 

A stronger result is known for periodically time-dependent systems [T]. It suggests 
that for a large class of periodic systems one can expect uniform boundedness of 
the mean value of energy for any initial condition ip G Domif(O). Further, in [25] 
the energy is shown to be uniformly bounded in time in the particular case when the 
harmonic oscillator is driven by quasi-periodically time dependent Gaussian potentials 
for suitable non resonant frequencies and a small enough coupling constant. It is 
proposed in [7| to call this property dynamical stability. We adopt this terminology in 
the current paper. 

Though the ideas concerning the dynamical stability are developed in [1] on a 



2 



particular example of the driven ring it is indicated there that they are valid also 
under more general settings. The proof is based on two observations. First, if the 
propagator admits a differentiable Floquet decomposition in the sense that it can be 
written in the form U{t) = Upit) expl—itHp) where Hp is self-adjoint and Up{t) is 
a periodic and strongly differentiable family of unitary operators then the system is 
dynamically stable. According to the second observation one can use the quantum 
KAM (Kolmogorov-Arnold-Moser) algorithm to show that the propagator actually 
admits this type of decomposition in the case when H{Q) is a semi-bounded discrete 
operator obeying a gap condition, and provided the frequency is non-resonant and 
the time-dependent perturbation is sufficiently small. In particular, the result in [T] 
is based on a formulation of the quantum KAM theorem presented in [T^. 

In the current paper we wish to further develop the basic ideas from [IJ and par- 
ticularly to work out the proofs in full detail when considering applications of these 
ideas to more general systems. In addition we derive uniform bounds on transition 
probabilities between different energy levels. Moreover, we propose an extension to 
the case when the Floquet decomposition is p times continuously differentiable in the 
strong sense. Restricting the perturbation V{t) = H(t) — H{0) to a certain class 
of operator- valued functions by requiring the multiple commutators with H{0) to be 
bounded up to some order one can show that ||if(t)^'?/'t|| is bounded in time. Further- 
more, the basic procedure is demonstrated on the solvable example of the periodically 
time-dependent harmonic oscillator. For the purposes of this example we collect in the 
Appendix some useful formulas for the propagator. Finally we combine the procedure 
based on the differentiability of the Floquet decomposition with an improved version 
of the quantum KAM theorem that was presented in 

2 The Floquet Hamiltonian 

Let us make more precise the assumptions on the Hamiltonian. Let {H{t); t G M} be 
a family of self-adjoint operators such that the domain Dom(if(t)) does not depend on 
time. Further we assume that the propagator U{t, s) associated to H{t) exists. This 
means that f/(t, s) is a function with values in ^(^) which is strongly continuous 
jointly in t and s, U{t,t) = I, the domain Dom(i7(0)) is invariant under the action of 
U (t, s) for all t, s, and 

G Dom(i/(0)), i dtU{t, s)^ = H{t) U{t, s)iIj. 

Then the propagator is unique, unitary and satisfies the Chapman- Kolmogorov equa- 
tion: U{t, r)U{r, s) = U{t, s) for all t,r,sE M. 

Let us recall that usually one imposes a standard sufficient condition that guaran- 
tees the existence of the evolution operator. Namely, if the mapping 

t,s^-^ {{H{t) + i){H{s) + i)-i - I) 

L S 

can be extended for t = s to a strongly continuous mapping J^{J^) then the 

propagator exists [22j. For more general sufficient conditions one can consult the 
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monographs [21] and [IB]. But as already stated, we assume directly the existence of 
the propagator without bothering about particular hypotheses that guarantee it. 

Since the Hamiltonian H{t) is assumed to be T-periodic the same is true for the 
propagator. This means that 

Vt,s, U{t + T,s + T) = U{t,s). (1) 

Notice also that by the closed graph theorem the operator H{t) {H{0) + i)~^ is bounded. 
In addition, in this section we impose the following two assumptions: 

R3t^ \\H{t) {H{0) + i)~^ II is locally bounded, (2) 
^ip G Dom(i7(0)), R3t^ \\H{0)U{t, 0)V^|| is locally square integrable. (3) 

In fact, hypothesis ([2]) means that H{t) {H{0) + i)~^ is bounded uniformly in t since 
we are considering the periodic case. 

An important tool when investigating time dependent quantum systems is the 
Floquet Hamiltonian (also called the quasi-energy operator) [161 EE]. It acts in the 
Hilbert space 

^ = L'^{[0,T],je,dt) = L\[O,T],dt)0.J^. 

If convenient we shall regard the elements of as T-periodic vector-valued functions 
on M with values in Jif. A unique Floquet Hamiltonian is associated to any strongly 
continuous propagator via the Stone theorem according to the prescription 

V/ G JT, Va G M, for a.a. t G M, (e''"^7)(i) = U{t,t - a)f(t - o). (4) 

Hence / belongs to Dom(i^) if and only if the derivative idaU{t,t — a) fit — cr)|o-=o 
exists in J^. Morally the Floquet Hamiltonian can be regarded as —idt + H{t) but in 
general this formal expression should be interpreted in a weak sense. The following 
remarks aim to provide some details about the definition of K. 

In the particular case when the Hamiltonian does not depend on time and equals 
i^o for all t it holds U{t,t — a) = exp(— iaiJo) and one easily finds from (jl]) that 
the associated Floquet Hamiltonian Kq is nothing but the closure of the operator 
—idt ® 1 + 1 ® -ffo defined on the algebraic tensor product Dom{idt) (S> Dom(ifo)- 
Here and everywhere in what follows the time derivative is automatically considered 
with the periodic boundary conditions. This is to say that the orthonormal basis 
{T^^^"^ exp{2Trikt/T); /c G Z} in L^([0,T],dt) is formed by eigenfunctions of idt. 

Let us denote by C|?(M) the space of T-periodic smooth functions on M and let 

C^(R) ® Dom(i/(0)) = span{7]{t)tlj; r] G C-^(M), tfj G Dom(i/(0))} C 

be the algebraic tensor product. It is straightforward to see that C^(]R)®Dom(/7(0)) C 
Dom(i^r) and 

K{7] (g) ^){t) = -ir]'{t)^/j + r]{t) H{t)^, 
for every r] G C^(M) and ijj G Dom(i7(0)). Set 

= K\ 
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It follows that is a symmetric operator, d K C {K^)* . 

Let be another operator acting in J(f and defined by the prescription: / G 
Dom(i^'^) if and only if, for every if) G Dom(if(0)), the function t h- *■ {'ip ■, f {t)) ,^ is 
absolutely continuous and there exists g G such that 

G Dom(i7(0)), -iat(^,/(t))..^ + = (5) 

(the last equality is valid, of course, almost everywhere on R). In that case g is unique 
and we set f = g. 

From the definition it is obvious that C K^. Hence K and coincide on 
C|?(M) C?) Dom(if (0)). We shall show that K and are actually equal. Let us make 
a remark on the notation used below and everywhere in the remainder of the paper: 
the natural numbers N start from 1 while stands for non-negative integers. 

Lemma 1. For all ip G Jif and f G Dom{K^), the function {U{t,0)ip, f{t)) je is 
absolutely continuous and it holds true that 

-idt{U{t,0)^J{t))j^ = {U{t,0)tlj,g{t))j,^ fora.e.teR, (6) 

where g = K^f. 

Proof. Let us first suppose that ^ Dom(if(0)). Let P be the projector- valued 
measure for H{0) and set P„ = P{[—n,n\), n G N. Then P„ — >■ I strongly as n — >■ cx3 
and therefore the following limit is true in the space of distributions ^'(M) (actually 
in AocW): 

hm (f/(t,0)^,P„/(t))^^.= ([/(t,0)^,/(t))^. 

n—>oo 

We shall compute the time derivative of {U (t, 0)ip, f(t)) ^ in the sense of distributions 
when making use of the fact that —\di is continuous on ^'(M). Choose an orthonormal 
basis in M' called \}Pk\- The series 

([/(t, 0)^, Pnfit))^ = Y,{U{t, 0)^', ^k)jf{^k, Pnf{t))M' 

k 

converges in ^'(M) (actually in Lj'Q^(R)) since it converges absolutely and is majorized 
by IIV'IL^ ll/(^)l|jr, a locally integrable function. Then, in the sense of distributions, 

-i9i(f/(t,o)^,p„/(t))^^ = {{Hmit,o)iJ,vk)Mvk,Pnf{t)),^. 

k 

-{Uit, o)v, ifik)MHit)PniPk, fit))j^ + {Uit, 0)^, ifik)^{^k, Png{t))^) . 

(7) 

Here we have used the definition of (note that Pnfk £ Dom(i^(0))). 

The RHS in ([7]) splits into three sums each of them can be summed in ^'(R). To 
see it let us note that with the aid of the Schwarz inequality and the Parseval equality 
one can estimate 

J2\{Hmit,0)^lJ,^,)M^k,Pnfit))^\ < \\Hit)Uit,0)i;\\^\\fit)\U. (8) 

k 
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Furthermore, is square integrable and 



\\H{t)U{t, 0)ij\U < \\H{t) (HiO) + i)-^ II II {H{0) + i) U{t, 0)ij\U 

is locally square integrable due to (I2l) and ([3]). Hence the RHS of ([H]) is locally inte- 
grable. As far as the second sum is concerned let us note that 

Gn{t) := H{t)P^ = H{t) {H{0) + i)-' {H{0) + i) P„ 

is a bounded operator and even ||G'„(t)|| is locally bounded according to hypothesis 
([2]). Finally, the third sum does not cause any problem. Consequently, the RHS of 
([7]) equals 

{H{t)U{t, 0)ij, P„/(t))^ - {U{t, 0)^, G„(t)7(t)),^' + {U{t, 0)^, Png{t))j^ . (9) 

Thus —idt{U(t, 0)ip, f{t)),^ is equal to the limit of ([9]) as n ^ oo. 

Since for every G Dom(i/(0)) it holds H{0)Pnip H{0)ifi and U{t,0)ip G 
Dom(iJ(0)), in the second term in we get 

lim Gn{t)U{t, 0)V^ = lim H{t) {H{0) + i)"^ {H{0) + i) P„f/(t, 0)^ = H{t)U{t, 0)V^. 

n— >oo n— >oo 

The point-wise limits of the first and the third term in ([9]) are obvious. To justify the 
convergence in ^'(M) one can apply once more assumptions ([2]) and ([3]) to show that 
each term has a locally integrable majorant which is independent of n. Thus sending 
n ^ oo one finds that equality holds true in the sense of distributions. The RHS 
is a locally integrable function. By a standard result of the theory of distributions this 
implies that the function {U(t,0)ip, f{t))^ is absolutely continuous and that equality 
(E]) holds true in the usual sense. 

Finally let us show that the condition ip G Dom(if(0)) from the beginning of the 
proof can be relaxed. Actually, if /i G and ipk — > in Jif then {U{t,0)ipk, h{t)) 
is locally integrable and this sequence of functions converges to {U(t,0)ip,h(t))_^ in 
the norm on every bounded interval and hence in the sense of distributions. For 
any ip G one can choose a sequence ipk G Dom(if (0)) such that ipk ^ and then 
send /c ^ oo in the equality 

-idt{U{t,Q)^kJ{t)).^ = {U{t,0)^k,g{t)).^ in ^'(R). 

Since the function {U (t, 0)ip, g{t)),^^ is locally integrable the function {U {t, 0)?/', fit)) ^ 
can be redefined on a measure zero set so that it is absolutely continuous and equality 
dH]) holds true in the usual sense. □ 

Lemma 2. is symmetric. 

Proof. Suppose that / G Dom(i^'^), f = g and ip G J^. According to Lemma[T]we 
have 

-idt I (f/(t, 0)^, f{t))M' = 2i Im((/(t), U{t, 0)^)MU{t, 0)ij, g{t)),^) . 
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Let {ipk} be an orthonormal basis in Jif. Then, for almost all s G R and all k, 

'Jk, Uis + T, 0)-V(s + T)),^|' - I {iJk, U{s, 0)-V(s))^|' 

= -2Im / {U{t,Or'f{t),^k)A^k,U{t,0)-'g{t))j^dt. 



Summing in k one can commute the sum and the integral. Consequently, for almost 
all s, 

\\fis + T)r^ - ||/(.)||^ = -2lmj^^^\f{t),g{t)),^.dt = -2lm{{f,g)^). 

Since is periodic the LHS vanishes almost everywhere. We find that V/ G 

Dom(i^'^), lm.{{f,K^f)x) = 0. This shows that is symmetric. □ 

Lemma 3. (K^)* = . Consequently, is closed and is essentially self-adjoint. 

Proof. By definition, / G Dom((ii'°)*) if and only if there exists g G such that 

\fh G Dom(KO), {KXf).^ = {h,g)jr. 

Moreover, in that case g is unique and {K^)* f = g. Setting h = rj ® ip we find that 
for all ip G Dom(i7(0)) it is true that 

Vr/GC|?^(M), / iir]'it){^J{t))j,^ + r]{t){H{t)ijJ{t)).,^^)dt= [ r]{t){ij, g{t)),^^dt . 



The last statement can be rewritten as equality valid in the sense of distributions. 
Since the both functions {H{t)ip, f{t))_y^ and {ip, g(t)) ^ belong to Lj'Q^(R) (using again 
([2]) in the former case) the standard results of the theory of distributions tell us that 
('?/', /(t)), if is actually absolutely continuous and equality ([5]) holds true in the usual 
sense. Thus we conclude that / G Dom(ii'^) and f = g. Hence (K^)* C K^. Now 
it suffices to apply Lemma [21 Actually, the relations 

imply that = {K^ is closed and (K^)* = (K^)* = K^. □ 
Proposition 4. Assuming ^ and it holds true that 

K = = K^. 
In particular, C|?(M) ® Dom(iJ(0)) is a core of K. 
Proof. According to Lemma [2] and Lemma [S] it holds true that 

cl<^ C K = K* C {K^y = W 
and = {K^y = K'^. The proposition follows immediately. □ 
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Let us note that if a vector- valued function f{t) from the domain of K is even 
known to be continuously differentiable (in the strong sense) then necessarily f{t) e 
Dom(if(0)) for all t. Under this additional assumption we actually have 

{Kf){t) = -idJit) + H{t)f{t) = g{t). 

In the general case, however, one should use the weaker form (j5]). The relation between 
K and the formal expression —idt + H{t) can be also expressed as follows. Let H = 
J® H(t) dt be the self-adjoint operator in with the domain formed by those / G 
satisfying f{t) G Bom{H{0)) for a.a. t and \\H{t)f{t)fdt < oo, with {Hf){t) = 
H{t)f{t). Clearly, 

Dom(ir) D Dom(-i(9t ® 1) n Dom(/7) D ^^(M) ® Dom(/7(0)) 

and therefore, according to Proposition HI Dom(— 19^ ® 1) H Dom(i7) is a core of i^. 
Hence 

K = -idt(^l + H . (10) 



3 Boundedness of energy for a dense set of initial 
conditions 

In this section we consider slightly more general periodically time-dependent Hamilto- 
nians if(t), t G M, than those presented in the beginning of Section El at least among 
those which are bounded below. We suppose that the Hamiltonian H{t) is associ- 
ated to a closed, densely defined and positive sesquilinear form g(t), with a domain 
independent of t: 

Domg(t) = Domg(O), Vt G M. (11) 

Assuming that the spectrum of U{T, 0) is pure point we wish to construct a rich set of 
initial conditions for which the mean value of energy is uniformly bounded in time. It 
turns out that this is possible if the eigenvectors of f/(T, 0) belong to the form domain 
Domg(O). 

The space Domg(O) endowed with the scalar product {u,v)i = (m, f )^ + g(0)(-u, f ) 
is a Hilbert space denoted by and we recall that 

{H{t)u,v),%' = q{t){u,v), Wu G DomH{t), \/v G ^i, 

where 

DomH{t) = {ue J^i] 3Cu > s.t. \/v G J^i, \q{t){u,v) \ < Cu\\v\\m^}. 

We call J^-i the dual space of J^i, that is to say the vector space of continuous 
conjugate linear forms on For any u G J^, the functional v i— > {v,u),^ belongs 
to since < ||,#' < ||'u||^-||t'||i, and we can also regard as a 

subspace of J^^i with 

\{u,v)^\ 

\\u\\-i = sup — — < \\u\\m'- 
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Thus 

^\ C ,W C =>^i, 

where the symbol C means a topological embedding. Actually, Hit) can be extended 
into an operator mapping M{ into provided there exists a constant Q > such 
that 

Vm g J^i, g(t)(M,M) < Ctllwlli. 

Let us denote by (■, the dual pairing between and This pairing is 

conjugate linear in the first and linear in the second argument. In other words, the 
embedding ^ C M'^\ means that {ip,g)-i^i = {■ip,g)j^ for all ip G and g G J^i, 
and the mapping Hit) : ^ —> is defined so that {H{t)u, v)^i^i = q(t){u,v) for 
all u,v E M\. 

In the remainder of this section, we will refer to the propagator \J [t, 0) associated 
to the family of Hamiltonians H[t), t G M. Its existence is implied by the following 
result which can be found in PH Theorem 11.27] and that we reproduce below for the 
reader's convenience. 

Theorem 5. We assume that q{t) satisfies fill) and that there is a constant C > 1 
such that the operator H{t) satisfies, for all t G M.' 



1. C~\H{0) + 1) < H{t) < C{H{0) + 1). 

2. The derivative -^Hit)'^ exists in the norm sense and 



'it) 



< c. 



Then, for any tpo £ there is a unique function 3 t tpit) G J^i such that: 

1. ip is Jifi-weakly continuous, i.e., for all g G J^-i, t \—>- {g,ilj{t)) ^i^i is a continu- 
ous function. 

2. ip is a weak solution of the Schrddinger equation in the following sense: 



3. For all s eW we have 



i-{g,m).^^ + (lit)ig,m)=0 andij{0)=^o- 



lim 



t - s 



+ iH{t)i){t) 



0. 



-1 



4- 

in M' . 



^oIliT for allt eM. and t ^ ipit) is continuous in the norm topology 



The propagator U : {s,t) G U{t,s) associated to the Hamiltonian H{t) is 

defined by U(t,s)ip{s) = ip(t). It is unitary and strongly continuous according to 
point 4. 

For the proof of the main result of this section. Proposition [3, we need the following 
lemma. 



9 



Lemma 6. Let ip G he an eigenfunction of the Floquet operator U{T,0). Then 
the function 

F4t) := ||/f(t)f/(t,0)V^||_i 

is bounded in M; 

ll-^vlU '■= supF^(t) < +00. 

Proof. First, we notice that the function t t—^ \ {H(t)U{t,0)ilj, g)-i,i\, with g G is 
periodic with the period T. This can be seen from the equahty 

U{t + T, = U{t + T, T)U{T, 0)tfj = XU{t, 0)?/^, 

and 

\{H{t + T)U{t + T,0)iJ,g)^,,^\ = \\\\{Hit + T)U{t,0)ij, g).,,,\ = \{H{t)Uit,0)ij, g)^^,^\ 

since |A| = 1 and + T) = H{t). 

Moreover, the e^^i-valued function t 1— > H{t)U{t, 0)ip is weakly continuous on R. 
Indeed, for any given real numbers s and t, we derive from the following obvious 
decomposition, with g G 

{H{t)m.9)-l,l-{His)^Pis),g).^,, 

that 

|(if(t)^(t),(7)-i,i-(i^(s)^(s),(7)_i,i| 
< 



-1 



Applying respectively points 3 and 2 of Theorem one finds that the both terms on 
the RHS of the preceding inequahty tend to zero as t tends to s. 

This implies that for every g G J^i the function t \—>- \{H{t)U{t,0)ilj, g)-i^i\ is 
bounded on M (since we just check that it is periodic). From the uniform boundedness 
principle it follows that 

F^{t)= sup \{H{t)U{t,0)ij,g)_i,,\ 

9G.iri, ||s||i=l 

is bounded on M as well. □ 

Proposition 7. Let us suppose that the Floquet operator U{T, 0) has a pure point 
spectrum and admits a basis B formed by eigenf unctions belonging to Jifi. Then the 
energy of the quantum system, when starting from any initial state ip G span B, the 
set of finite linear combinations of vectors from B, is bounded in the course of time: 

sup|(i/(t)?7(t,0)V',f/(t,0)^/')_i,i| = sup |g(t)(?7(t,0)^,?7(t, 0)^)1 < 00. 
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Proof. Recall that by our assumptions H(t) ^ is a bounded operator on (see Theo- 
remED- If u E J^i, v E J^, then H{t)-^v G DouiH{t) and q{t){u, H{t)-^v) = {u,v),^. 
Consequently, 

{H{t)u,H{t)-^_,^^ = q{t){u,H{t)-'v) = {u,v)^. 

We can assume that the basis B is orthonormal. For any given if) 'm E C. J^f, 
we first notice that 0)'?/'||i is bounded by F^{t) defined in Lemma E] up to a 

multiplicative constant C . Indeed, for any g G we have 

Kt/(t,0)^,(?)^| = \{H{t)U{t,m.H{t)-^g)-i,^ < \\Hit)Uit,0)i;U\\H{t)-'g\U, 

(12) 

with 

\\H{t)-'g\\l = {H{t)-'g, {H{Q)+l)H{t)-'g) < C {H (t)-' g , g) < C\\H{t)-'gUg\U 

according to assumption 1 in Theorem Thus ||ii/'(t)^^5f||i < and (|T^ 

becomes 

|((7,f/(t,0)^)_i,i| = \{U{t,0)ij,g),^.\ < C\\H{t)U{t,0)^U\\gU = CF4t)\\gU. 

(13) 

Furthermore, ^ being dense in in the norm topology, inequality (JT3i) remains 
valid for any g G implying 

l|C(i,OW.|k= sup MIp^>*l^<CF4t). (14) 

ge.jr^i, g^O \\9\\-l 

To complete the proof we pick a function in spanS, (p = X^ili ^iV'i) with ipi E B 
and Cj G C for i = 1,2, . . . , N. The energy function of the quantum system with the 
initial condition ip decomposes as 

N 

E^{t) = {H{t)U{t,0)^,U{t,0)^)_,,i = Y,c^c]{H{t)U{t,0)iJ„U{t,0)iJJ).l,l. 
Therefore, 

AT 

\E^{t)\ < J]|c,||c,-|||i/(t)f/(t,0)V^,l|_il|f/(t,0)V^,||i 

N / ^ " 

< Cj2\Q\\c,\F^Xt)F^,it) < ^i^i^^^^WM Ei^ 

i,j=l \j=l 

according to (iMl) . so we finally obtain 

|i?^(t)|<CiV||^f max IIF^JIL, 

l<i<N 

by combining the Cauchy-Schwarz inequality with Lemma El □ 
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4 Bounds on energy and transition probabilities 



The only assumptions needed in this section are that the domain Dom H{t) of a T- 
periodic family of self-adjoint operators is time-independent and that the propagator 
U(t,s) associated to H(t) exists in the usual sense, as recalled in the beginning of 
Section [2l 

By the spectral theorem, the Floquet (monodromy) operator U (T, 0) can be written 
in the form U{T,0) = exp(—i Tif^?) where Hp is a self-adjoint operator. Of course, 
the choice of Hp is highly ambiguous. Let Upit) be the family of unitary operators 
defined by the equality 

U{t,0) = UFit)e-''^^. (15) 

Then Uf{0) = I and from the periodicity of U{t, s) (see ([T])) it follows that Upit) also 
depends on t periodically. Relation ( |T5i) is known as the Floquet decomposition. 

Definition 8. We shall say that a Floquet decomposition is r times continuously 
differentiable in the strong sense for some r G M if this is case for the family Upit). 

Furthermore, we shall say that a Floquet decomposition is relatively continuously 
differentiable in the strong sense if the family UF{t){Hp + i)~^ is continuously differ- 
entiable in the strong sense. Equivalently this means that for all ip ^ Dom Hp the 
vector- valued function UF(t)ip is continuously differentiable. 

Assume that the propagator U{t, s) admits a Floquet decomposition which is rel- 
atively continuously differentiable in the strong sense. Set 

Sp{t) =iUF{ty^dtUF{t), BomSFit) = Domi/^. (16) 

By the uniform boundedness principle. Spit) is ifi?-bounded for all t G M. Using 
the periodicity of UF{t) and applying again the uniform boundedness principle one 
finds that SF(t){HF + i)~^ is bounded uniformly in t. Moreover, SF(t) is a symmetric 
operator. 

If the Floquet decomposition is even continuously differentiable in the strong sense 
then Spit) will be naturally supposed to be defined on the entire space J^. Referring 
again to the uniform boundedness principle, in this case we have Spit) G <^(^). 
Using the periodicity of Upit) and applying the uniform boundedness principle once 
more one finds that Spit) is bounded uniformly in t. Hence Sp := J® Sp{t) dt is a 
bounded operator in whose norm equals 

II^fII = sup [[^^(t)!!. 

teR 

Moreover, Sp{t) is a Hermitian operator. 

Lemma 9. Assume that a Floquet decomposition l[TS\) is relatively continuously dif- 
ferentiable in the strong sense and that the relative bound of Sp{t) with respect to Hp 
is less than one for all t. Then 

yt G M, H{t) = Up{t){Hp + Sp{t))Up{t)-\ (17) 
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In particular, 

H{0) = Hf + Sf{0). (18) 

Furthermore, 

Dom{HF) = Dom(i7(0)) 
and this domain is UF{t) invariant. 

Proof. By the assumptions and the Kato-Relhch theorem (see, for example, [22]), 

H{t) := UF{t){HF + SF{t))UF{ty\ BomH{t) = [/^(t)(Domi7^), 

is a T-periodic family of self-adjoint operators. From ( fT5|) it follows that 

U{t,s) = UF{t)e-'^'-'^''^UF{s)-\ 

From this relation it is obvious that 

U{t,s){DomH{s)) = DomH{t). 

Suppose that ip G f/i?(s) (Domini?) and thus ip = Uf{s)%1) for some ifj G Domini?. A 
straightforward computation yields 

idtUit.s)^ = idt{UF{t)e-''^'-'^"^^) = UF{t){HF + SF{t))e~'^'-'^^^^ = H{t)U{t,s)<f. 

Hence U{t, s) is a propagator associated to the family H{t). 

Using the property of self-adjointness one can easily see that the uniqueness of the 
relation between a Hamiltonian and a propagator applies also in the following direc- 
tion: if two (in general time- dependent) Hamiltonians generate the same propagator 
then they are equal. In our case this means that H{t) = H(t) for all t, i.e., equality 
(fTTI) holds true. Consequently, UF(t)(DomHF) = DomiJ(t) = DomH{0) and setting 
t = we have Dom Hf = Domiy(O). □ 

Next we shall show that the relative continuous differentiability of UF{t) implies 
the dynamical stability. 

Proposition 10. Under the same assumptions as in LemmalE, the energy of the sys- 
tem described by the Hamiltonian H{t) is uniformly bounded for any initial condition. 
More precisely, 

\/^ e Dom(/7(0)), sup \\H{t)U{t,0)iP\\ < 

where 

= WHf^PW + sup WSFmHF + i)~l \\{Hf + i)^||. 

i 

Proof. From equalities ( fT5l) and ( fTTI) it follows that 

\\Hit)U{t,0)i>\\ = UHF + SF{t))e-''''^i:\\<C^. □ 



13 



Remark. Proposition [TU] even implies that the mean value of the square of energy, 
H{t)^, is uniformly bounded. 

Another application is an estimate of transition probabilities under the assumption 
of the strong differentiability of Upit)- To this end we shall need the following lemma. 

Lemma 11. Assume that X, y G ^^{^), A and B are hounded Hermitian operators 
on such that 

AX-XB = Y. (19) 

If there exist two disjoint closed intervals containing respectively Spec(y4) and Spec(i?) 
then 

||A-||< . 

" " - dist(Spec(A),Spec(5)) 

Proof. For the sake of definiteness let us suppose that inf Spec(B) > supSpec(y4). 
The solution X of equation (fT^ is unique and given by the formula 

X = — 1{A- z)-^Y{B - z)-^dz. (20) 
27ri 

After a usual limit procedure we can choose for the integration path 7 in fl^Uj) the 
line which is parallel to the imaginary axis and intersects the real axis in the point 
(supSpec(y4) + inf Spec(i?))/2. Integral (120|) admits a simple estimate leading to the 
desired inequality. □ 

Remark. Let us note that an estimate of this sort still exists when the spectra of A 
and B are interlaced provided dist(Spec(A), Spec(-B)) > 0. In the general 
discussed in article [5], it holds true that 

11X11 < ' 1'^'" 



2dist(Spec(A),Spec(5)) 



Proposition 12. Assume that the propagator U{t,s) admits a Floquet decomposi- 
tion ( f73]) which is continuously differentiable in the strong sense. Let P{t, ■) be the 
projector-valued measure from the spectral decomposition of H{t). Let Ai, A2 C M &e 
two intervals such that dist(Ai, A2) > 0. Then it holds true that 

Vs,tGM, ||P(t, Ai)f/(t,s)P(s, Aa)!! < 



dist(Ai, A2 



In particular, if En{t) and Em{s) are eigenvalues of H(t) and H{s), respectively, 
En{t) 7^ Em{s), and if Pnit) and Pm{,s) denote the projectors onto the corresponding 
eigenspaces then 

\\P^{t)U{t,s)PUs)\\ < ^7#^4t^- 

\En{t) - Em{s)\ 
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Proof. Using relation fll7p one verifies the equality 

H{t)Uit,s)-U{t,s)H{s) = U{t,0){e''^^ SF{t)e~''^^ -e''"^ SF{s)e-''"^)U{0, s) (21) 

which is valid on Dom(if (0)). In particular, the LHS of (I2T1) extends to an operator 
bounded on whose norm may be estimated from above by 2||5'i7'||. Setting A = 
H{t)P{t, Ai), B = H{s)P{s, A2) and X = P(t, Ai)[/(t, s)P(s, A2), one easily finds 
that 

AX-XB = Pit, Ai){H{t)U{t, s) - U{t, s)H{s))P{s, A2). 

If the intervals Ai, A2 are bounded then Lemma [TTl implies that ||X|| < 2115*^11/ dist(Ai, A2). 
If the intervals are not bounded one can use a limit procedure. □ 

5 Extension: a higher order of differentiability of 
the Floquet decomposition 

Under assumptions on higher order differentiability in the strong sense of the operator- 
valued function Upit) in (fT5|) one can extend the conclusions of Proposition [TO] and 
Proposition [T21 To this end, as an auxiliary tool we first need to state some basic 
facts concerning the multiple commutators. 



5.1 Multiple commutators 

Definition 13. Let A be a selfadjoint operator in Jif, X G J^{Jif) and n G The 
sesquilinear form 

k=0 ^ ^ 

is well defined on Dom(y4"). If it is bounded then there exists a unique bounded 
operator, denoted by ad^ X, such that 

Ve,r/ e Dom(A"), a„(e,r/) = ((ad^ X)^, 7])^. 

If this is the case we shall say that (the ra-multiple commutator) ad^ X exists in 
^(^). 

Remark. Some elementary facts follow immediately from the definition. Suppose that 
B = B* is bounded. Then ad]^X G !^{^) exists for all n G Z+ and it holds 

ad]^ X = ^ {-ifB'^-^XB^. 

k=0 ^ ^ 

Moreover, in this case ad^+^X G ^{J^) exists if and only if ad^X G ^{J^) exists 
and then ad^+s X = ad^ X + ad^ X. 
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Definition 14. Suppose that A = A* in M' . For every n G we introduce the 
hnear subspace C„(y4) C SSi^M'^ formed by those bounded operators X for which the 
commutators ad^ X e SS{^^^ exist for all = 0, 1, . . . , ra. 

Remark. Clearly, ad^X = X and Co(A) = i^(^). From the definition it is also 
obvious that the vector spaces are nested, i.e., 

Co(A)dCi(A)dC2(A)d.... (22) 

Lemma 15. Suppose that A = A* andX,Y G ^{Jif). If the commutators ad-AX, SLd^Y G 
J^{J^) exist then there also exist ad-AX* ,adA{XY) G ^{J^) and it holds 

(i) X(Domy4) C DomA, 

(ii) adAX* = -{adAXy, 

(ill) adA(XF) = (adAX)r + Xad^F. 

Proof. To show (El) choose ^ G DomA. By definition, for all rj G DomA we have 

{Xi.Ar^) = (XAe,r/) + ((ad^ X)^, r^). 
Hence X^ belongs to Dom A* = Dom A. Point (Ell) follows from the equality 

{X*^,Ar]) - {X*A^,r]) = -{Xr^,AO - {XAr],0 = (-(ad^ X)*^, r/) 

which is valid for all ^, ?7 G Dom A. For ^, rj from the same domain we know, by points 
(|i]) and (jli]), that YC,,X*'r] G Dom A. Thus we have the equality 

{XY^,Ar]) - {XYA^,7^) = {XY^,Ar]) - {XAY^,r]) + {Y^,AX*r]) - {YA^,X*r]) 

with the RHS being equal to ((ad^ X)Y^, r]) + ((ad^ Y)^, X*r]). Point dmD follows. □ 

Remark. Lemma [151 implies that ad^ X G ^{J^) exists if and only if Dom(A) is 
invariant with respect to X and the operator AX — XA is bounded on this domain. 
If this is the case then ady^X = AX — XA on Dom(A). 

Lemma 16. Let {X„}„ be a sequence of bounded operators in such that the com- 
mutators ad^Xn G ^{Jif) exist for all n. If the sequence {X„}„ converges weakly 
to a bounded operator X and the sequence {ad^Xnjn converges weakly to a bounded 
operator Y then ad^X G ^{Jif) exists and equals Y. 

Remark. From Lemma [16l it follows that the linear operator ad^ on ^{Jif), with 
Dom(adyi) = Ci{A), is closed. 

Proof. Let ^, 77 G Dom(A) be arbitrary vectors. By definition, for all n, 

(X„e, Ar^) - (X„Ae,r/) = ((ad^X^e,^)- 
It suffices to send n to infinity. □ 
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Proposition 17. The following statements are true for all X G l3S{J(f) and n G Z+z 

(i) IfX G Cn{A) then XiJDomA^) C DomA^ for all k = 0,1, ... ,n. 

(a) X G Cn+i{A) if and only if a.dAX G exists and belongs to Cn{A). More- 

over, if this is the case then 

ad^(adA X) = ad^+^ X for k = 0,1, . . . ,n. 
(Hi) Cn{A) is a *-suhalgehra o/e^(^). 

Proof, (i) We shall show that, for a given k G the domain 'Dom.A^ is invariant 
with respect to all X G Cn{A) as long as n > fc. Recalling that the spaces C„(y4) 
are nested it suffices to consider the case oi n = k. To this end, we shall proceed by 
induction in k. For k = the statement is trivial. Suppose that the statement holds 
true for all £, < £ < k. Choose X G Ck+i{A). The induction hypothesis implies that 
for any ^ G Dom(A'=+i) and 1 < £ < A; + 1, XA^^ G Dom(A'=+i-^). By the definition 
of ad^"*"^ X we have the equality 

i=i ^ ^ 

valid for all rj G Dom(A''+^). Hence X^ G Dom(A^+^). 

(ii) By the very definition, if X G C„,+i {A) then ad^ X G i^(t^) exists. If < m < 
n and ^,ri E Dom(A™+^) then simple algebraic manipulations lead to the equality 

E rY-^f^i^^AX)A%A-->^r^) = {{e.dr'X)^,v). (23) 

The both sides in fl^^ extend in a unique way to the domain C,rj E Dom(A'"). It 
follows that ad™(adAX) G ^{J^) exists and equals ad^"^^ X. Hence ad^X G Cn{A). 
Conversely, suppose that ad^X G Cn{A). For any m, < m < n, and ^,ri E 
Dom(yl'"'*"^), one finds, again with the aid of simple algebraic manipulations, that 

(adr(ad^X)e,r^) = X; ^ ^ ^) (-1)' {XA% A"^^'-'r^). 

Hence ad^"^^ X G ^(J^) exists and thus X G C„+i(A). 

(iii) First let us show that X* G C„(A) provided the same is true for X. We 
shall proceed by induction in n. The case n = is obvious. Suppose that the claim 
is true for n. If X G Cn+i{A) then, by the already proved point (EI]) of the current 
proposition, ad^iX G Cn{A). By the induction hypothesis and Lemma [T5l ad (In]) we 
have ad/iX* = — (ad^iX)* G Cn{A). Referring once more to point (jn]) of the current 
proposition we conclude that indeed X* G Cn+i{A). 

Finally let us show that XY G C„(A) provided X,Y E C„ (y4). We shall proceed by 
induction in n. The case n = is again obvious. Suppose that the claim is true for n. 
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If X, F e Cn+iiA) then, by point dn]) of the current proposition, ad^ X, ad a Y G C„(A). 
By the induction hypothesis and Lemma [15] ad (En]) we have 



adA{XY) = {adAX)Y + XadAY G C„(A). 



Referring again to point (jn]) of the current proposition we conclude that XY G 



Remark. As an immediate consequence of Proposition [T7] ad (ji]) it holds Dom(A'^) = 
Dom((/l + E)*^) for = 0, 1, . . . ,p, provided B G Cp_i(A) for some p eN. 

Definition 18. Let A be a self-adjoint operator on and X{t) G J^{Jif) be an 
operator- valued function, with the variable t running over M, and let n G We 
shall say that X{t) is in the algebra Cn{A) uniformly if X{t) G Cn{A) for alH G M and 



Remarks. Of course, the operator-valued function X{t) may be constant. 

From Proposition [T7] ad (Jn]) one immediately deduces that an operator-valued 
function X[t) G ^{J^) is in C„_|_i(y4) uniformly if and only if X{t) is uniformly 
bounded and a,dAX{t) is in C„(A) uniformly. Moreover, a straightforward induction 
procedure based on this observation jointly with Lemma [15] ad ^ and ad ( Iml) implies 
that if and Y{t) are in Cn(A) uniformly then also X{t)* and X{t)Y{t) are in 
C„(A) uniformly. 

Lemma 19. Let A he a self-adjoint operator and B G Cp_i(A) he a Hermitian operator 
for some p G N. Then an operator-valued function X{t) G ^{J^f), with t G M, zs in 
Cp{A) uniformly if and only if X{t) is in Cp{A + B) uniformly. 

Proof. Clearly it suffices to prove only one implication since the other one follows 
after replacing A by A -\- B and B hj —B (while making use of the simple fact that 
ad^^ B = adA B). We shall proceed by induction in p. 

As far as the case p = 1 is concerned we assume that B G Cq{A) and X{t) is in 
Ci{A) uniformly. This in particular means that X{t) is a uniformly bounded operator- 
valued function and hence the same is true for ad^ Ar(t) = BX(t) — X(t)B. Now it 
suffices to take into account the equality a.dA+B X{t) = adAX{t) + adBX(t). 

Let us now assume that the lemma has been proved for some p G N, and that 
B G Cp{A) and X{t) is in Cp+i{A) uniformly. Now we can repeatedly apply the 
remarks following Definition [H Firstly, adBX{t) = BX{t) - X(t)B is in Cp{A) 
uniformly. Secondly, Xit) is uniformly bounded and adAXit) is in Cpi^A) uniformly. 
Consequently, adA+_BX(t) is in Cp{A) uniformly as well. By the induction hypothesis, 
ad^+B X{^^ is in Cp{A\B) uniformly. This in turn implies that X{t) is in Cp+i(A + i?) 
uniformly. □ 

In the particular case when the operator-valued function X{f) is constant Lemma [T^ 
reduces to the following statement. 



□ 



n 
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Lemma 20. Let A be a self-adjoint operator on and B G Cp_i(A) for some p G N, 
and suppose that B = B* . Then Ck{A) = Ck{A + B) for k = 0,1, . . . ,p. 

We shall also need the following algebraic lemma. 

Lemma 21. Suppose that A = A* and B G Cp{A) for some p G Then the 

following claims are true: 



(i) On Dom(v4P) it holds 

fe=0 ^ ^ 



(24) 



(a) There exist polynomials Fp^k{jQ,-^i, . . . ,Pp^k-i), k = 0,1, . . . ,p—l, in non- commutative 
variables ij, with non-negative integer coefficients and such that it holds 

{A + BY = AP + Y^ (5, ad^ 5, . . . , ad^-'^-' B) A^ (25) 

fc=0 

on Dom(ylP). 

Proof, (i) By Proposition [T71 ad (ji]) the both sides of ([21]) are well defined on Dom(A^). 
To verify ([21]) one can proceed by induction in p which amounts to simple algebraic 
manipulations. We omit the details. 

(ii) Again, the both sides of (l25l) are well defined on Dom(yl'^). One can proceed 
by induction in p. Set, by convention, Fp^p = 1. To carry out the induction step let 
us write 

p 

{A + BY+^ = J2 Fp,k {B, adAB,..., ad^"'"' B) A\A + B) 

k=0 

and apply claim ([!]) of the current lemma to manage the term A''B on the RHS. By 
comparison one arrives at the recursion rule 



■e-i) U-k 



-^p+l,fe(?0,?l, • • • ,^p-k) = -^p,fc-l(?0, Pi, • • • ,Pp-fc) + ( ^ 1 -^P,^(pO, Pi, • • • ,Pp- 

from which claim ([n]) easily follows. □ 



5.2 Different iable Floquet decompositions 

In this section we shall assume that 

V{t) := H{t) - H{0) 

is a uniformly bounded operator-valued function. Of course, it is Hermitian and T- 
periodic. We also assume that we are given a Floquet decomposition (fT5l) of the 
corresponding propagator U{t, s). For p G Z+ let us set 

•^l = Cp(ifo), -Ap = Cp{Hp). 
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Here and everywhere in this section we write shortly Hq = H{0) and 5*0 = ^^^(O). 
Thus we have Hq = Hp + So (see (fT6l) and (fTTl)). 

If the Floquet decomposition is continuously differentiable in the strong sense and 
5*0 G Ap-i for some p E N then Lemma [20] tells us that Ak = for k = 0,1, . . . ,p. 

Lemma 22. Let us assume that p G N and V{t) G C^^"'^(M) in the strong sense, 
and that the propagator U{t, s) admits a Floquet decomposition ( 173]) which is p times 
continuously differentiable in the strong sense. If 

is in Ap-i-k uniformly for /c = 0, 1, . . . ,p — 1, (26) 

then 

Up \t) is in Ap-.k uniformly for k = 0,1, . . . ,p. (27) 

Moreover, Ak = A^^ /^'^ ^ — ^Ai-'-^V; ^^^^^ Spit) = iUF(t)~^dtUF{t) is in Ap-i 
uniformly. 

Proof. For the proof we shall need the relation 

ad^^ Upit) = UF{t)SF{t) - {So + V{t))UF{t). (28) 

Here UF{t) preserves the domain Dom{HF) = Dom{Ho). Equality ( l28l) follows from 
(ITTI) and the substitution 

H{t) =Ho + V{t) = So + Hf + V{t). 

From the differentiability of Upit) it follows that Spit) belongs to C^^^(]R) in the 
strong sense. Thus all derivatives of Spif) up to the order p — 1 are uniformly bounded 
(due to the periodicity). With the aid of Lemma [TUl we derive from (1281) that 

adn, Uf\t) = — {UF{t)SF{t) - {So + V{t))UF{t)) G .^(^) for A; = 0, 1, . . . ,p-l, 

(29) 

(with all derivatives taken in the strong sense). Moreover, ad//^ Up\t) is uniformly 
bounded for < A; < p — 1. Note also that fl^Ul) can be rewritten in the form 

V^''^ (t) is in Ap-i-i uniformly if0<fc<^<j9-l (30) 

since the algebras Ar are nested, ^ -^i ^ ^ • • (see fE^). 
We shall verify that, for £ = 0, 1, ... ,p, 

U^p\t) is in Ap-i uniformly ii < k < i < p. (31) 

Since 

sP{t) = ^jiUF{tru'At)) 

and An is a *-algebra relation (I3T1) implies that, for £ = 1, . . . ,p, 

SPit) is in Ap-i uniformly if < k < i - 1 < p - 1. (32) 
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To show (131 p we shall proceed by a finite descending induction in £. According to the 
assumptions of the lemma, Up\t) is uniformly bounded for < k < p and the case 
i = p follows. Suppose now that ( 13T1) is valid for some i, 1 < i < p- Then for the 
same £, ( l32l) is valid as well. Moreover, replacing £ by £ — 1 in ( l30l) one knows that 
V^'^^t) is in Ap-^e uniformly for < k < i — 1. Thus ifO</c<£— 1 then from the 
fact that Ap-e is an algebra and from the induction hypothesis one deduces that the 
RHS of (1^ is in Ap-i uniformly. This implies, in virtue of Proposition [T7] ad dn]), 
that Ul!:\t) is in Ap-e+i uniformly. This completes the induction step and relation 
( I3T1) is verified. 

Setting k = i in flHTj) one obtains flTH) . Setting A; = and £ = 1 in flH^ one finds 
that ^^^(t) is Ap-i uniformly. In particular, 5*0 = Sp{0) belongs to Ap-i = Cp^i{Hp). 
Since Hq = Hp + 5*0 from Lemma [20] we know that 

Ak = Ck{Hp) = Ck{Ho) = 

for = 0, 1, . . . ,p. □ 

Corollary 23. Lemma l2E remains still true if Ap-i-k is replaced by Ap_i_i. in the 
condition / f^) . 

Proof. We shall proceed by induction in p. For p = 1 we have = = ^{^) 
and thus replacing Ap-i-k by Ap_i_^ in (1261) does not mean any change. Let us now 
suppose that the claim is true for some p G N. And we assume that V^''\t) is in Ap_f, 
uniformly for k = 0,1, . . . ,p. Of course, the other assumptions of Lemma [22l except 
of the condition ( 126|) . are satisfied as well, namely V{t) G C^(M) in the strong sense, 
and the propagator U (t, s) admits a Floquet decomposition (fT5|) which is p + 1 times 
continuously differentiable in the strong sense. Since Ap_j^ C Ap_i_i^, V^''\t) is in 
Ap_i_f. uniformly for /c = 0, 1, . . . ,p — 1. By the induction hypothesis. Lemma [22] is 
applicable for the value p and therefore, in particular, Ak = A^ for k = 0,1, . . . ,p. 
Hence V^^\t) is in Ap-k uniformly for k = 0,1, . . . ,p, which is nothing but condition 
([26]) with p being replaced by p + 1. It follows that the conclusions of Lemma [22] hold 
true for the value p + 1 as well. □ 

Proposition 24. Let us assume that p G N and V{t) G C^~^(]R) in the strong sense, 
and that the propagator U{t, s) admits a Floquet decomposition 173]) which is p times 
continuously differentiable in the strong sense. If 

V^'^\t) is in uniformly for k = 0,1, . . . ,p — 1, (33) 

then U{t,0), t G M, preserves the domain Dom(ifQ^) and 

G Dom(i/(f), sup \\H{tfU{t,0)^\\ < oo. 

Proof. From Corollary [23] we know that Up{t) is in Ap uniformly and Sp{t) is in Ap-i 
uniformly. Since Sq G Ap-i and Hq = Hp + Sq, Lemma [20] tells us that Ak = Al for 
< k < p. From the relations V{t) G Ap_i and Sq G Ap-i it also follows that 

Dom{H^) = Dom(i7(t)^) = Dom(if^) for A; = 0, 1, ... ,p, (34) 
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see Proposition [T7] ad @. Furthermore, from the Floquet decomposition (|T^ and the 
above observation on Upit) one deduces that U{t,0) is in Ap = Ap uniformly and 
therefore U{t,0){Dom{H^)) C I)om{H^). 

Suppose that ip G Dom(ifJ'). From f|T5l) and f|T7|) one finds that 

H{tyU{t,0)tP = UF{t){HF + SF{t)Ye-''^^^lj. 

With the aid of equahty ([25]) of Lemma [21] ad dn]) one derives the estimate 



\\H{tYU{t, 0)^11 < Fp,k{&o, ei, . . . , 6p_fc_i) 

fc=0 

where 



&k := sup II ad^^ Spit)]], k = 0,1, . . . ,p - I. 

The proposition follows. □ 
Lemma 25. Under the same assumptions as in Proposition i/ie operators 



k=0 ^ ^ 



(35) 



are well defined on Dom(ifQ"). Moreover, s) extends in a unique way to a bounded 
operator on which is in Ap-n uniformly with respect to the variables {t, s) G M^. 

Proof. In the same way as in the proof of Proposition [211 we deduce from the as- 
sumptions that equahties (j3^ hold true as well as that Upit) is in Ap = Ap uniformly 
and Spit) is in Ap-i uniformly. Moreover, Proposition [T7I ad ([ij) tells us that Upit) 
preserves Dom(if^) for k = 0,1, . . . ,p. 
From ([HD and ([17]) it follows that 

X4t,s) = UF{t)Zr,{t, s)Uf{s)-' 

where 

Zn{t, = Q {-inHp + Sp{t))-'e-'^'-^^^- [Hp + Sp{s)Y. 

It suffices to show that Zn{t, s) is well defined on Dom(iJ^) and extends to a bounded 
operator on Jif which is in Ap-n uniformly. To verify it we proceed by induction in n. 

For n = 0, Zo{t, s) = e''^^-'^^^ fulfills ad^^ Zo{t, s) = for all > 1 and so it is 
in Ap uniformly. To carry out the induction step observe that 

Z„+i(t,s) = {HF + SF{t))Z^{t,s)-Z^{t,s){Hp + SF{s)) 

= adHp Zn(t, S) + SF(t)Zn(t, s) - Zn{t, s)Sf{s). 

The induction hypothesis and Proposition [T7] ad ([n]) (see also Remarks following Def- 
inition [TH]) imply that adnp Zn(t, s) is in Ap-n-i uniformly. Recalling Proposition [T7[ 
ad ([m]) it also holds true that SF{t)Zn{t, s) and Zn{t, s)SF{s)siYe in Ap-n-i uniformly. 
This verifies the induction step and concludes the proof of the lemma. □ 
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Proposition 26. Under the same assumptions as in Proposition (including condi 



tion ^3^) ). let P{t, ■) be the projection-valued measure from the spectral decomposition 
of H(t). Then there exists a constant Cp > such that for any couple of intervals 
Ai, A2 C M whose distance dist(Ai, A2) is positive it holds true 

Vs,tGR, ||P(t,Ai)f/(t,s)P(s,A2)l| <^-^^^^^. (36) 

Proof. It suffices to verify tlie assertion for bounded intervals. Tlie general case then 
follows by a limit procedure. Set F„(t, s) = P(t, Ai)X„(t, s)P(s, A2) where Xn{t,s) 
is defined in ([351), and Qi{t) = H{t)P{t,Ai), Q2(s) = H{s)P{s, A2). In particular, 
Yo{t, s) = P{t, Ai)U(t, s)P(s, A2). From Lemma 1251 we know that the operator-valued 
functions X„(t, s) are uniformly bounded. If < n < p then it holds 

Qiit)Yn{t, s) - Y^it, s)Q2{s) = Y^+^{t, s). 

By Lemma [H] we have the estimate 



dist (Spec(Qi(t)),Spec(Q2(s))) " dist(Ai,A 



2) 



Applying this estimate consecutively for n = 0, 1, ... ,p — 1, we find that (!36l) holds 
true with Cp = sup(j ,,-)gig2 ||-^p(i, □ 

6 A solvable example: the time-dependent har- 
monic oscillator 

Let us consider the time-dependent harmonic oscillator 

H{t) =H^ + f{t)x, = 9i + ^ , 

in Jif = L^(M, dx) where the function f{t) is supposed to be continuous and T periodic. 
The Hamiltonians quadratic in x and p turn out to be quite attractive in various 
situations since they allow for explicit computations. For example, a classical result 
is a formula for the Green function computed in the framework of the Feynman path 
integral [H], see also [23] and comments on the literature therein. For purposes of 
the present paper we need some of the results derived in [13] and concerned with the 
dynamical properties of H{t), see also an additional analysis in P, Chp. 5]. Let us 
also mention that in ^5] it has been shown that the Floquet operator associated to a 
time-dependent quadratic Hamiltonian can only have either a pure point spectrum or 
a purely absolutely transient continuous spectrum. 
As pointed out in pTH], it holds 



U(t, Oy^xU(t, 0) = X cos(ut) + - sm(ut) - - yD2(t, 0), 

U UJ 

U{t,Oy^pU{t,0) = -ujxsm{ujt) +pcos{ujt) + ipi{t,0), 
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where the functions ipi{t,s) and (f2{t,s) are given in (lA.9p . Assume for a moment 



that (pi{t,0) and (p2{t,0) are uniformly bounded. Under this assumption it is obvi- 
ous that if an initial condition ip belongs to the Schwartz space ^ then the quantity 
{U{t,0)tp, P{p,x)U{t,0)tp) is uniformly bounded in time for any polynomial P{p,x) 
in the non-commuting variables p = —id^ and x. In particular, for such an initial 
condition, the mean value of energy is bounded uniformly. As stated in Propo- 
sition 4.1], it follows that all trajectories {U{t,0)ip; t G M}, for any initial condition 
ijj e Jif, are precompact subsets in Jif. This in turn implies that the spectrum of the 
monodromy operator U{T,0) is pure point (see Theorem 2.3 in [l3]). The fact that 
the mean value of energy is bounded for all initial conditions from a total set has also 
the following consequence (see Lemma 3.3 in JT^): 

G jr, lim sup \\F{H^ > R)U{t, 0)^/'|| = 

where the symbol F stands for the projection-valued measure from the spectral de- 
composition of the operator indicated in the argument and taken for a subset of the 
real line which is indicated in the argument as well. 

Let us note that paper [13] has finally focused on the particular case f{t) = 
sin(27rt/T). In that case a simple computation shows that the functions ipi{t,0) and 
(p2{t, 0) are bounded if and only if 27r/T 7^ c<j. 

Let us now examine how Proposition [10] can be applied to this example. We 
consider the non-resonant case 

UJ 

Let us write 



T = — + A, with A^ G Z+, AG 

UJ 



2-K 
0,— 

UJ 



As a first step one has to make a choice of a self-adjoint operator Hp so that U (T, 0) = 
exp(— iTifi?). According to Proposition IA.31 the monodromy operator corresponding 
to H[t) can be expressed in the form 

f/(T, 0) = (-1)^ exp (-lAH^ + i ^^^^ p + i z/(T, 0)x + ia(T, 0)") (37) 



where the functions /i(t, s) and z/()f:, s) are given in ( ]A.12[) and a{t, s) is given in ( 1A.13I) . 
We shall seek Hp in the form 

u u " 13 , 1 
Hp = H^ — p — — X + — 

ujT T T 

for some a, /3, 7 G M. Then it holds 
exp(— iTifi?) = e~^'^ exp (^—iTH^ + i—p + i/9xj 

= exp 1-17 + 1 ^^^^ I^^'^VZ/T^) V ~^ ^ ^ / ^^P'^"^^^^'' 

. P \ (.01 



X exp( i^j^P I exp(^-i — X 
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Here we have used that 

gisx^^g-isx _ _ + ^ ^ e''PH^e-''P = H^ + suj^x + ^ . (38) 

By the well known spectral properties of H^^, exp(— iTif^) equals (— 1)^ exp(— iAif^^), 
and so one finally arrives at the expression 

(-l)^exp -17 + 1^^ 1-^ exp -iAi/. + i-, + i-x 



Equating this expression to the RHS of fl37j) one has to set 

a = -Mt,0), /5 = ^K^,0), + =a(T,0). 
Thus our choice of Hp reads 

MM '^(^'O), ^(^>o) I ^,, /i(r,o)^ + KT,o)^ , . 
^^-^---j^P-^^'^-^T-^''^ ^WT • ^^^^ 

As a next step one has to compute the T-periodic family of unitary operators 
Upit) = U{t, 0) exp(itifi.). With the aid of Lemma ED one can express 

expi-itHp) = exp I -i(j){t) + 1 — ittA^ ^ u^A^T 

X exp( i p J exp(i77(t)a;) exp(— iii?^,) 



where 



= ;i^'"(f)(™^(f)'''^-°)->''°(y)'''^-°) 
= ;i^'°(y)(^'"(T)''<^-'"+'=°^(f)''(^-'" 



and 



0(t) = ((2cjt - 4 sin(cjt) + sin(2cjt))/i(T, 0)^ 

+ (2 - 4 cos(cjt) + 2 cos(2cjt))/i(r, 0)i/(r, 0) + (2cut - sin(2cut))z/(T, 0)^) . 

Using relations (1A.12I) for /i(T, 0) and z/(T, 0) this can be rewritten as 



in(f)yo V V 2 

Hf) f 
sin(f ) Jo 



Vit) = -^^^ rcos(u('-^-u]]f{u)du, (40) 
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and it also holds true that (compare to (1A.7P ) 



6uj sm 



Expressing the propagator U{t, 0) according to formula ( lA.Sp due to Enss and 
Veselic one finally arrives at the sought equality 

where 

Flit) = 0) - F2{t) = -if.it, 0) - v{t), 

and 

{ip{t, s) is given in (lA.lOl) ). After some elementary manipulations this can be rewritten 



as 



Flit) = ^—^l cosi^uji^u~-jj{fit~u)-fiu))du, 



1 /■* t 



and 

m = -^j {Viiv,0)'-^2{v,0)') dv + ^ j {Mv,0)'-^2iv,0)') dv 
2a; zujl u 

ujt - sin(a;t) , ^ 2\ , (^T - sin(o;T))t . 2 , n^2x 

In the last equality one has to substitute for (fi(t,0) and ip2(t,0) from (lA.9p . and for 
^(t) and ri{t) from (jlUl). 

It is of importance to observe that the functions Fi{t), F2{t) and entering 
formula (HTl) are continuously differentiable. In addition, they are necessarily T- 
periodic. Furthermore, the operators x and p are infinitesimally small with respect to 
Hi^. This is a well known fact which is also briefiy recalled in the beginning of the 
Appendix. From equality flHIH) one can see that DomiJ^ = DomiJ^. Moreover, from 
the commutation relations ( !38l) it follows that the unitary groups {exp(isx); s G M} 
and {exp(isp); s G R} preserve the domain DomH^^. Hence one can differentiate 
Upit) given in ( 14T1) on any vector ip G Domini?. Computing Spit) according to ( |T6l) 
one finds that 

CO UJ 
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Consequently, S'i?(t) is infinitesimally small with respect to Hp for any t. Thus all 
assumptions of Proposition [TO] are fulfilled and one concludes that \\H{t)U{t,Q)ilj\\ is 
bounded in time for any if) G Dom(if(0)) = Y)om.{H^). 

From the explicit form of H{t) and from the infinitesimal smallness of x with 
respect to it follows that the quantity 0)'?/'|| is bounded in time as well. 

Let us recall once more the consequences of this observation. Firstly, as stressed in 
|20[ Proposition 4], since F{H^ < i?) is a finite rank projector for any i? > it is 
true that all trajectories {U{t,Q)ip; t G M} are precompact. Secondly, in virtue of 
Theorem 2.3 in [13], the monodromy operator f/(T, 0) has a pure point spectrum. 

Finally, let us shortly discuss the resonant case T = (27c/uj)N, G N. Using again 
formula (lA.Sp we have 



U{T,0) = (-l)^e-'^(^'°)exp(-i<^i(T,0)x)exp(^i^^^^p^ . (42) 

Notice that the unitary operator e^'^^e^^^, with a, (3 G M, is either the identity if 
a = /? = or it has a purely absolutely continuous spectrum. For example, if /3 7^ 
then we have the commutation relation 



exp (^-i ^ x^^ exp (^i^p - ^ a/?^ exp ^ x^^ . 



Hence the spectrum of e^^'^e^^^ coincides with that of e~^°'^^'^e^^^. In the case a 
one can argue in a similar way. Thus when applying this observation to (H2ll we have 
to distinguish the case ipi{T,0) = ip2(T,0) = 0. Recalling defining relations (1A.9I) we 
denote by 



I j-T / 27r \ 
/fc = - exp ( -i — kt\ fit) dt, kez, 



the Fourier coefficients of f(t). We conclude that if f-N = /at = then the monodromy 
operator U{T,0), with T = 2nN/uj, is a multiple of the identity. If |/-Ar| + I/at] > 
then U(T,0) has a purely absolutely continuous spectrum. This in turn implies that, 
in the latter case, the quantity \\H(t)U(t,0)ip\\ cannot happen to be bounded in time 
for all ip G DomiJj^. 



7 An application of the quantum KAM method 

The quantum KAM method was originally proposed by Bellissard |4j and it has been 
later reconsidered and in some respects improved several times, see for example [HI 
m [121 El [H] • When discussing an application of the quantum KAM method to our 
problem we shall stick to the presentation given in [TT] but the notation will be partially 
modified. A particularity of the method is that the frequency uj = 271 /T should be 
considered as a parameter. Usually the method is used to show that for a large subset 
of so called non-resonant frequencies the spectrum of the Floquet Hamiltonian is pure 
point. Here we would like to point out, following some ideas from pLj, that the method 
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provides a more detailed information which can be used to reveal the structure of the 
propagator. 

Let us first recall the main theorem from [11]. Let Ho be a self-adjoint operator in 
with a discrete spectrum, Spec(ifo) = {^m}m=i5 such that the multiphcities 
Mm = dim Ker(i7o — h^) are finite. Suppose also that 

Aq = inf \hm ~ hn\ > 0. 

Furthermore, let V{t) be a 27r-periodic uniformly bounded operator-valued function 
defined on M and with values in ^{Jif). Set 



27r Jo 



where Q„ is the orthogonal projector onto Ker(ifo ~ ^n)- As already mentioned, the 
frequency co' = 27r/T,T>0, is regarded as a parameter. Set ^ = ^^([0, T], dt) 
and let V G ^(J^) be the operator acting via multiphcation by V{ijjt), [V f){t) = 
V{ujt)f{t). Let Ko be the closure of -idt ®l + l^Ho. 

Theorem 27. Fix J > and set Qq = [IJ,IJ]. A ssume that there exists a > such 
that 

^ [h -HY "'^- ^^^^ 

m,nGN 
hm—hn>J/2 

Then for every r > a + \ there exist positive constants (depending on a , r , Aq and J 
hut independent ofV), and 5*, with the property: 

ev := sup J2 + I^DII^fc"'"!! < ^* (44) 

"^^ meN fcgZ 

i/ien t/iere exists a measurable subset Qoo C l^o such that 

(here stands for the Lebesgue measure ofVL^) and the operator Kq + V has a pure 
point spectrum for all u G Qoo ■ 

The proof of Theorem [27] is somewhat lengthy and tedious because one has to 
eliminate the resonant frequencies. The basic idea is, however, rather simple and 
is based on an iterative procedure as described in the following proposition. It is 
formulated even on the level of Banach spaces but afterwards we shall again work 
with Hilbert spaces. Let $(x) be the analytic function defined by 

^(x) = - 



X \ x 
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Proposition 28. Assume that is a Banach space, Kq is a closed operator in Jif , 
V e BS{J(f) and D e ^(^(^)). Assume further that V = limK in ^{J(f) where 
{Vs}%,Q is a sequence of bounded operators in ^ . If there exist sequences {As}'^q and 
{Gs}'^Q, As, Gs G e^(J^), fulfilling the following recurrence relations for all s G Z+; 

Co = K)) 

Gs+i = Gs + exp(adAj • • • exp(adAo)(K+i - K) (45) 
+ ad^, $(ad^J(l - - a-i), 

AsT)om{Ko) C Dom(iro), 

[Ao,Ko + D{Go)] = -{l-D){G,), 
[^+1,7^0 + ^(^+1)] = -(l-/^)(a+i-a), (46) 

and such that Xl^o ll^^ll < oo and the limit YmvGs = Goo exists in ^{J^) then there 
exists W G ^{JfT) such that W'^ G ^{JfT) and 

WiKo + V)W-' = Ko + D{Goo). (47) 

Here, as usual, ad means the adjoint action, adyiX = and exp(adA)X = 

e'^Xe'^. For s = in ( H5l) we set G^i = 0. The proof of Proposition [281 is immediate. 
If we set 

Ws = e^^-^ . . .e^o, W-^ = e-^o . . . e-^=-\ 
then the recurrence relations ( H5i) . ( H6l) exactly mean that 

Vs G Z+, WsiKo + Vs)W-^ = Ko + DiGs) + (1 - D){Gs - Gs-i). 

Now it suffices to send s to infinity. 

In the applications of Proposition [2H1 and this is also the case for Theorem [271 
is a separable Hilbert space, Kq = Kq*, V = V*, the spectrum of Kq is pure point 
and D{X) is the diagonal part of a bounded operator X with respect to the spectral 
decomposition of Kq. Then G^ = Goo, ^(Goo)* = D{Goo) and W* = W-\ The 
operator Kq + D{Goo) has obviously a pure point spectrum and relation P7|) implies 
that the same is true for Kq + V . 

Let us note that technically the basic problem of the entire method is the com- 
mutator equation ( H6l) whose solution is complicated by the fact that, generically, 
the eigenvalues of Kq are dense in M. This leads to the famous problem of small 
denominators in this context. 

There is another feature concerning the application of the recursive procedure (1451) 
and fHUj) in the proof of Theorem [571 Let M G ^{Jif) be the multiplication operator 
defined by the relation 

V/G^, {Mf){t)=e'-'f{t). (48) 

Since V G ^(J^) is a multiplication operator it commutes with M. Also the se- 
quence {K} is chosen in such a way that M commutes with all Vg. Furthermore, 
the eigenvalues of Kq are kuj + km. A; G Z and m G N, and so they are linear in 
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k. Using these facts it is readily seen from the recursive relations that M commutes 
with both As and Gg for all s. Then necessarily M commutes with Goo and W as 
well. This implies that there exists a bounded Hermitian operator G on ^ such that 
GBomiHo) C Dom(i7o), 

[Ho, G] = and {D{G^)f) (t) = Gf{t), V/ G ^, a.a. t e M, 

and there exists a T-periodic operator- valued function t ^-^ W{t) with values in unitary 
operators on Jf such that equality (jTTl) is satisfied with 

{Wfm = W{t)f{t), V/ e JT, a.a. t e R. 

Moreover, an information about the regularity of W is also available. More pre- 
cisely, one knows that 

^^P X] X] II W^fcnm II < OO (49) 
"^^ mSN fcez 

where again 

1 

^ Jo 

Particularly, the operator- valued function W{t) is continuous even in the operator 
norm. Equality (147|) can be rewritten in terms of propagators. It exactly means that 

Vt, s e M, Uit, s) = l^(t)*e-'(*-^)(^°+^)vr(s). (50) 

By a closer look at the proof of Theorem [27| one finds that the result can be 
partially improved. In the course of the proof one constructs a directed sequence of 
Banach spaces {X^}, 

X, C L°° [ fi, X Z X N X N, ^ ^® ^{n„„ Hn) ) , 

V nGN meN / 

with the norms 

||X||,= sup S^lY>^^[\\Xknrn{^)\\+^s\\^Xkn^^{u,J)\\\e\^\/^' (51) 
^VeQ. nm ^gj^ V / 

where X = {Xknm{^)} G X^, i.e., Xknmi^^) G -^O^mi'^n) for all G fis and 
(fc, n,m) G Z X N X N. Here Tim '■= Ker(ifo ~ ^m) = RanQ^, {^s} is a decreas- 
ing sequence of subsets of the interval ^o, {'■Ps] and {Eg} are respectively decreasing 
and strictly increasing sequences of positive numbers such that \im.ips = 0, 1 < and 
YimSs = +00. The symbol d designates the discrete derivative in u, 

~ X{u)-X{uj') 
oX{uj, to ) = — — p — - . 
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For uj G i^oo = n fixed one applies the limit procedure s — >■ oo and arrives at 
equality (1471) with the objects Goo and W belonging to the Banach space 

V neN mSN / 



where the norm is defined by 



||X||oo = sup ^ ^ \\Xknm{'^)\\ ■ 

meN fcez 

This is also how one obtains the information about the regularity of W expressed in 

The announced improvement consists in modifying the norms ( ISTl) by an additional 
weight (1 + \k\Y where v should be chosen in the range 

0<z/<r-a-^. (52) 

Recall that r determines the regularity of V in 0441) . a comes from the "gap condition" 
( 1431) and one requires that r > o" + |. The modified norm reads 

||X||,= sup sup 5^5^(l + |A;|)'^(||Xfc„^(u;)||+V;,||5Xfc„^(c^,u;')ll)e''l/^% (53) 

a;Xen, nGN V ^ 

and the limit procedure results in a norm in Xoo, 

||X|U = sup + \k\r\\Xknm{uj)\\ . (54) 

meN feez 

Let us note that restriction ( |52l) comes from the lower estimate of Lebesgue measure 
of the set floo (see relation (77) in [TT] and the derivation preceding it where one 
has to replace r by r — z/ if using the modified norm ( |53l) ). After this modification, 
Theorem is valid exactly in the same formulation as before, its proof requires no 
additional changes, only the constants and 6^, should be modified correspondingly. 

The interest of the modification is that we get a better information about the 
regularity of W. Namely, for u G f2oo (the set of non- resonant frequencies) W is 
regular in the sense that ||Vr||oo < oo with the norm given by ( 15^ . In particular, if 
r > cr + I then one can choose z/ > 1. In that case the property ||W^||oo < oc implies 
that W(t) belongs to the class in the operator norm and sup^ ||5tW^(t)|| < oo. 

This discussion shows that Theorem (23 can be reformulated in the following way. 



Theorem 29. Under the same assumptions as in Theorem\^ suppose that r > a + 



Then there exist positive constants (independent ofV), and 5^, with the property: 
if ey < then there exists a measurable subset fioo C VLq such that \VL^\ > 
\Qq\ — S^,ev, and for every uo G fioo there exist a bounded Hermitian operator G com- 
muting with Hq and a T -periodic function W{t) with values in unitary operators and 
belonging to the class in the operator norm such that the propagator obeys equality 
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From relation (1501) it follows that the propagator admits a Floquet decomposition 
(fT5l) with 

Hp = W{oy{Ho + G)W{0), Upit) = w{tyw{o). 

Moreover, formula (fT6|) implies that 

Sp{t) = -iw{oy {dtW{t))w{tyw{o). 

In particular, if W{t) is known to be in the operator norm then the Floquet 
decomposition is continuously differentiable in the strong sense and, consequently, the 
assumptions both of Proposition [TU] and Proposition [T2] are satisfied. These arguments 
prove the following theorem. 



Theorem 30. Under the same assumptions as in Theorem\^ suppose that r > a ' 



2 ■ 

Then there exist positive constants (independent ofV), and 5^, with the property: 

if ev < (with ey defined in then there exists a measurable subset fioo C 

such that l^ool > l^ol "i^^ey and for every uj G f2oo the energy of the quantum system 
described by the time- dependent Hamiltonian HQ + V{u)t) is bounded uniformly in time. 
More precisely, 

VV- e Dom(i7(0)), sup II (/7o + V'M))t^(i, 0)^11 < oo. 

Moreover, there exists a constant c > such that for any couple of intervals Ai, A2 C 
M fulfilling dist(Ai, A2) > Q it holds true that 

sup ||P(t, Ai)[/(t, s)P{s, A2)|| < — 



dist(Ai, A2) 

where Pit,-) is the spectral measure of H{t). In particular, if E nit) and E^is) are 
two distinct eigenvalues of Hit) and His), respectively, and Pnit) and Pmis) are the 
corresponding orthogonal projectors then 



\\Pnit)Uit,s)P^is)\\ < 

\Enit) - Emis)\ 
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Appendix. The propagator for the time-dependent 
harmonic oscillator 

Let = (l/2)(]9^ + u'^x'^), with p = —idx, be the Hamiltonian of the harmonic 
oscillator in J^f — L^(R, dx). This is a known fact that the operators x and p are 
relatively bounded with respect to H^^ with the relative bound zero. One can see it 
also directly from the following inequality which is easy to verify on the Schwarz space 

y-. 

2u^x'^ < e-^ + e^u^x^ + (/ + 2uj^px^p) = e'^ + 2€^u^ + 4:6-^ H^. 
Hence it is true that 



2£2 

^Up'E^ ) ' Up' 

for all V' e and consequently for all ^ e Dom E.^. A bound for the operator p can be 
derived analogously. It follows that for any a, /3 e R, the domain DaraiH^ + ax + 
coincides with Domif^. 
For (Pi4> & Dom(i7^,) set 

x(i) = (e-'*^-(/?,xe-^*^-V), pW = {e-''"-^p,pe-''"-i^). 

As a standard exercise one derives, by differentiating and using the canonical commu- 
tation relation, that the quantities x(t) and p(i) obey the classical evolution equations, 
i.e., ±{t) — p(i), p{t) — — a;^x(i). It follows that for all -0 £ Dom(if;^), 

gitH^^g-itHo,^ = cos(a;i)x'0 + — sin(a;i)p'0, 

UJ 

^itHu,p^~itHu,^ = -usin{ut)xilj + cos{ut)pxlj. (A.l) 
Lemma A.l. For /x, i/, t e M it holds 

exp(-«//„ + i5p + i..) =e-'*exp(iip)exp(„rtexp(-M„) (A.2) 



where 



cot V V2/ V2 
2sin(f) / fujt\ fujt\ , , 



and 



= ((2^^^ - 4 sin(a;t) + sin(2a;f))/i^ + (2 - 4 cos(a;i) + 2 cos(2a;i))^i/ 

+ {2ujt - sin(2a;t))i/2) . (A.4) 
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Proof. Set 



Wi = exp^i —p^ exp(i?7x) exp(— itiJ^) , W2 = exp(^—itH^ + i—p + iz/xj . 



Clearly, both Wi and W2 leave the domain of if^ invariant. Using (lA.ll) one finds that 
for all ip G Dom(if^) it holds 

W-T^xWi^jj = cos(ujt)xijj -\ sm(ujt)p^ tp, 

W{^^pW\'\\) = —CO sm{ujt)xip + cos{ujt) pip + r]ip. (A. 5) 

On the other hand, 

-itH^ + i^p + wx = -i- (p^ + cjV) + 1 

where 

_ V ^ u 

X = X r-, p = p -. 

Since p and x also obey the canonical commutation relation we have, analogously to 

(Dl), 



W2 ^xW2ip = cos{ujt)xip -\ sm{ujt)pip, 

W2~^pW2'ip = —cosm{Lut)xip + cos{ujt)pip. 
for all ip G Dom{Hi^). This can be rewritten as 

W2~^xW2ip = cos{ujt)xip H — sni{(jjt)pip H — iv — ucosiut) — fismicut)) ip, 

Wn~^pW2ip = —uj siniujt)xip + cos(ujt)pip H + ^ sinfcut) — jj. cosicut)) ip. 

ut 



(A.6) 



Comparing (1A.5I1 to (1A.6I1 one finds that for all ip G Dom(iJa;) it holds Wi ^xWiip = 
W2~^xW2ip and Wf^pWiip = W2^pW2ip provided 

^ = (1 — cos(co't)) + — sin(co't), Tj = — sin(ti;t) + — (l — cos(ti;t)) 

ujt cut cut cut 

(which is nothing but (1A.3P ). Hence W = W2Wf^ fulfills W~'^xWip = xip and 
W~^pWip = pip. Since Dom(iJ(^) is a core both for x and p this implies that W~^xW = 
X and W~^pW = p. If follows that is a multiple of the unity, i.e., W2 = e~^^Wi for 
some G M. 

It remains to determine (p. To this end it suffices to take the mean value of the 
corresponding operators at the ground state of which is ipo{x) = exp(— u;x^/2) 
(unnormalized) . Writing 

W2 = exp (i exp (-i p) exp (i x) e'^"^ exp (-i x) exp (i p 
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the equality W2 = e-'"^Wi becomes 



exp(-i0 + i(-^ + i) r,)exp(i(r,--^)x)exp(i + ^ ) H e 
The mean value at ipQ of the both sides of the last equality then yields 



A straightforward computation then leads to the value flA.4p . □ 

Conversely, one can express and v in terms of ^, rj and t provided t is sufficiently 
small. In other words, one can read equality flA.2p from the right to the left. The 
restriction on smallness of t should not be considered as surprising since the reversed 
equality is in fact an application of the Baker-Campbell-Haussdorf formula which is 
known to be guaranteed only locally. 

Lemma A. 2. For ^,r],t E M, \t\ < 2n/uj, it holds 

expf , ip) exp(,„.) exp(-M„) ^ e-exp(-«ff„ + i ^ip + ... 

\ UJ J \ UJ 



where 



and 



ujt f f \ ujt f f ^^t\ 

= ^ ^ K + ^7 h = ^ + cot - 



2 7' 2v v2y 

1 ^ LUt — Sin(cjt) ,^ / A „N 

. ■ .iJ ie + v'). (A.7) 



6uj sm 



(f)' 



Set 



Hit) =H^ + f{t)x 

where the function f{t) is supposed to be continuous and T periodic. In [T^ a formula 
has been derived for the propagator corresponding to the Hamiltonian H{t): 

U(t, s) = exp( — i ipi(t, s)x) exp ^i '^^^ ' ^ exp( — i(t — s)H^ — iipit, s)) (A. 8) 



where 



ft 

s) = / cos{uj {t — u))f{u) du, 



^2it,s) = I sm{iu{t-u))f{u)du, (A. 9) 

35 



and 



(A.IO) 



(be aware of a sign error in the definition of ip{t, s) in [IS])- Our goal is to transform 
formula flA.Sp due to Enss and Veselic into another one expressing the propagator as 
a single exponential function of an operator. 



Proposition A. 3. Fort,s eR, (t - s) ^ {2'k/uj)Z, set 



N 



uj{t — s) 
2^ 



G Z, A 



27r \ uj{t — s) 



27r 



(where [x\ and {x} are respectively the integer part and the fractional part ofx). Then 
it holds 



U{t,s) = (-l)^exp( -i AH^ + i "^'"^ p + i iy{t, s)x + ia{t, s 



UJ 



(A.ll) 



where 



fx{t,s) 
u{t,s) 



2 sin 



2 

uA 



sm LU 



2 sin 



U!{t — s) 



COS UJ 



t + s 
t + s 



uj j f{u) dw, 
- M ) I f{u) dw, 



(A.12) 



and 



a{t,s) 



1 



1 /■* 

- J (V9l(f , s f - (fi2{v, sf) + — (pi{t, S)(p2it, 

ujA — sm(uj(t — s)) / , -o , -ox 



iui sm 



oj{t—s) 



(A.13) 



Proof. We have t — s = {2it/uj)N + A. Since the spectrum of equals {uj/2) + uZ^ 
it holds 

/ 277 

exp -i — NH^ 

V ^ 

Combining (lA.Sp with Lemma [A. 2 1 we get 



-1) 



N 



U{t,s) = {-i f exp( - iyi(t, s)x) exp(^i "^^^^ p^ exp( - iAH^ - i^(t, s)) 
= ^_if^m,s) fiAH^ + i ^^^^ p + w{t, s)x 
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where 
and 

,, , 1 / X / X c<jA — sinfcuA) / , / \2\ ,/ 

8a; sin (^) 

After some simple manipulations one arrives at the desired formula (lA.lip . 
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